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1. INTRODUCTION 
Let  V be a Hi lbert  space whose inner product  and norm are denoted by (., -) and [[. I[, respectively. 
Let  K be an unbounded closed convex subset of V. Given a mapp ing  F : V -~ V, we consider 
the following var iat ional  inequal ity:  find x* C K such that  
(F (x* ) , z -x* )  _> 0, Vx ~/(.  (1.1) 
Inequality (i.i) arises in a lot of practical problems of science, engineering, and economics, 
and is studied by many authors, see [1-5] and the references therein. The  solvability of (1.1) is 
a basic problem and has been studied by several methods. In the case of V = R ~ and K = R~_, 
i.e., Smith [6] and Isac et al. [7] have proposed, respectively, the concepts of exceptional sequence 
and exceptional family to study the solvability of it, which opens a new research direction for the 
solvability of (i.I). See [8-12] and the references therein. 
Isac and Zhao [I0] have first extended the concept of exceptional family in R n to general 
Hilbert space V and proved the basic theorem: if F is without exceptional family of elements 
with respect to K ,  then (I.I) is solvable provided that F and I - F are completely continuous, 
which is a generalization of the existing basic theorem in the case of V = R ~. 
In this paper, we  will propose a new definition of exceptional family in the general Hilbert 
space V, and prove the corresponding basic theorem, an existence theorem, and several corollaries. 
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2. EXCEPT IONAL FAMILY  
Without loss of generality, we assume x = 0 • K from now on. 
For a given x • K,  the normal cone of K at x is defined as follows (see [13,14]): 
NK(x) ={zeV: <z,y- z> <0, Vy • K}. 
It is easy to see that aNK(x  r) = NK(X r) for any a > 0. 
The basic definition of exceptional family, which is given in [10], is the following. 
DEFINITION A. {Xr}r>O C V is called an exceptional family of elements for F(x)  = x - T(x) 
defined on V with respect to K if 
(1) Ilx"ll - - ,  oo  as  ," ---, ~ ;  
(2) for any r > 0, there exists #r > 1 such that #rx r • K and T(x  r) - #rx r • NK(~rxr). 
Now we propose another definition of exceptional family. 
DEFINITION 2.1. {xr}r>0 C K is called an exceptional family of (1.1) if  
(1) I I x ' l l  ~ oo  as  ,- ~ 0¢; 
(2) for any r > 0, there exists tr • (0, 1) such that 
- t rx  ~ - (1 - t~)F (x ~) • NK(X~). (2.1) 
The following lemma formulates an important property of exceptional family. 
LEMMA 2.1. Assume {x r } is an exceptional family of (1.1). Then for any x r ~ 0 holds 
<F (xr) ,xr> <~ O. 
PROOF. By the definition of NK(X) and (2.1) we have 
(-t~x~-(1-t~)F(x~),y-x~)<O, Vyeg, r>0,  
i.e., 
((1 - t r )F  (x~), y - x ~> >_ - t~ (x ~, y - x~>, 
in which we take y = 0 and obtain 
(F (x  r) ,x ~) _ - (1  - t~) - l t~  IIxql ~ < o, 
Vy • K, r > 0, 
Yx ~ #0. 
- (1 - #~-1) x ~ _ #~-1F (x ~) • #~-INK (#rx~), 
If NK(#rx  ~) = #rNK(x~),  then (2.2) can be rewritten as 
(2.2) 
- t rx  ~ - (1 - t~)F (x ~) • NK (x~) , (2.3) 
where  t r = 1 - -~r  I. Equation (2.3) means {x r} is an exceptional family of (1.1). Hence, we have 
the following lemma. 
i.e., 
The proof is complete. 
Assume {x ~} is an exceptional family defined by Definition A. Then there exists ~r > 1 such 
that #rx r E K and 
x ~ - F (xr) - ,~xr  C ArK (,~x~), 
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LEMMA 2.2. Assume #K C K and NK(#X) ~- #NK(x)  for any # > 1, x E K.  Then Definition A 
is equivalent o Definition 2.1. 
REMARK 2.1. Obviously, V = R ~, K = R ~ satisfies the conditions of Lemma 2.2. + 
Now consider a special case: V = R '~ and K is defined as follows: 
K- -{xCR n :g i (x )  <_0, i= l , . . . , I ;  h i (x ) - -0 ,  j= l , . . . , J} ,  (2.4) 
where gi : R" --+ R is a continuously differentiable convex function and hj is an affine function. 
Furthermore, we assume K satisfies Slater condition, i.e., there is a point x ° E K such that 
g~(x °) < 0, i = 1 , . . . ,  I .  Zhao et al. [9] have defined exceptional family as follows. 
DEFINITION B. {x~}~>o c K is called an exceptional family of (1.1) if II~il -~ oo (~ ~ ~)  and 
for any r > 0 there exist ar > O, A~ E RI+, and #r C R J such that 
F (x ~) = -a~x ~" - -~ 
~=l ~=~ (2.5) 
I 
~,g, (~) = 0 
i=1 
It is well known that for K defined by (2.4) we have that (see [13,14]) 
NK(x)  = z = AiVgi(x) + ~ #jVh j (x ) :  A e R~, # e R J, Aigi(x) = 0 . (2.6) 
"= j= l  i=1 
It follows from (2.5) and (2.6) that 
-2~rx  ~ - 2F  (x ~) e N~ (xr) .  (2.7) 
With c~ = 2(c~r + 1) and tr = 2~-1a~, we have tr C (0, 1) and 1 - tr = 2c~ -1. Hence, (2.7) can 
be rewritten as 
- t~x  ~ - (1 - t~)F(x ~) e a - iNK  (x ~) = NK (x~). 
Therefore, we have proved the following result. 
LEMMA 2.3. I lK  is given by (2.4), then Definition 2.1 is equivalent o Definition B. 
REMARK 2.2. Equation (2.1) means x ~ is a solution of a variational inequality. Hence, the 
existence of exceptional family is a problem as difficult as the existence of (1.1). However, we 
discuss not the existence of exceptional family, but the nonexistence of exceptional family which 
implies the existence of the solution of (1.1). Refer to Theorems 3.1, 3.2, and the corollaries 
below. 
3. EX ISTENCE OF  SOLUTION FOR (1 .1 )  
At first we formulate two lemmas on Leray-Schauder degree deg(f, D, y) (see [15,16]), where D 
is a bounded open subset of V. 
LEMMA 3.1. POINCARI~-BOHL. Assume H : /) × [0, 1] --* V is a completely continuous field, 
ht(x) = x - H(x ,  t). I f  y ~ ht(OD), then deg(ht, D, y) is a constant for 0 < t < 1. 
LEMMA 3.2. KRONECKER. I f  deg(f, D, y) # O, then equation f (x )  = y has at least one solution 
inD.  
We define a homotopy related to (1.1) as follows: 
H(x ,  t) = PK((1 - t ) (x - F (~)) ) ,  0 < t < 1. (3.1) 
Let ~(x) = x - Pg(x  -- F(x)) .  Then H(x,  1) = 0, H(x,O) = x - ~(x). It is well known that 
equation ~(x) = 0 is equivalent to (1.1). 
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LEMMA 3.3. Let T(x) = x - F(x).  f i T (x )  is completely continuous, then so is H(x, t). 
PROOF. Assume (x (m), t (m)) --+ (x (°), t (°)) weakly. Then we have by complete continuity of T(x) 
that 
On the other hand, it follows from the nonexpansivity of PK that 
PK [ (1 - t ( '~) )  T (x(m))] -- PK [ (1 - t ( ° ) )  T (x(°))] 
< (1 - t ( '~) )T (x (m)) - (1 - t ( ° ) )T (x (° ) )  . 
Hence, we obtain 
_< 
which means H(x, t) is complete continuous. 
Now we can prove the basic theorem as follows. 
THEOREM 3.1. Assume F(x)  and T(x) = x - F(x) are complete continuous. Then (1.1) has 
either 
(a) at least one solution; or 
(b) at least one exceptional family. 
PROOF. It is sufficient to prove that if (a) is not true, then (b) is true. Assume (a) is not true. 
Then we declare that for any r > 0 and Dr = {x E V : []xll < r} there exist z r c OD~ and 
t~ E [0, 1] such that z ~ - H(z  r, t~) = 0. Otherwise, there exists r > 0 such that 
0 ~ {ht(x) = x-H(x , t ) :  x e ODr, t e [0,1]}. (3 .2 )  
It follows from Lemmas 3.1, 3.3, and (3.2) that deg(x - H(x, t), D~, 0) is constant for t E [0, 1] 
and 
deg(~, Dr, 0) -- deg(x, Dr, 0) = 1, 
which implies by Lemma 3.2 that equation ~(x) = 0 has a solution in D~, i.e., (1.1) has a solution, 
which contradicts the assumption at the beginning of the proof. Therefore, we have 
z ~ - H (z  ~, t r )  = z ~ - P~ ( (1 - t~)  ( z  ~ - F ( z r ) ) )  = 0,  ~ > 0.  (3.3) 
Now we prove {z ~} is an exceptional family of (1.1). Since z ~ E ODr, we know [Ix"[[ -+ cc 
(r -+ co). I ft~ = 0 in (3.3), then z ~ = PK(Z r -F (z~) )  and z ~ is a solution of (1.1). Contradiction 
again! If t~ = 1 in (3.3), then z ~ = PK(O) = 0, which contradicts zr E ODr. Hence, t~ E (0, 1). 
At last, by (3.3) we have z ~ = PK((1 -- t~)(z ~ -- F(z~))) e K which means (see [1]) 
((1--tr)(Z~--F(Z~))--Z~,~--ZrI<O, VyeK, 
i.e., 
- t r z  ~ - (1 - t~)F  ( zD e N~ (z~) . 
The proof is complete. 
REMARK 3.1. By Lemmas 2.2 and 2.3 we know Theorem 3.1 is a generalization of the basic 
theorem in [7,9]. 
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COROLLARY 3.1. Assume the conditions of Theorem 3.1 are fulfilled. I f  (1.1) has no exceptional 
family, then (1.1) has at least one solution. 
Based on Corol lary 3.1, the following theorem gives a condition for the solvabil ity of (1.1). 
THEOREM 3.2. Assume F(x)  and T(x)  = x -F (x )  are completely continuous. I f  for any sequence 
{xr}~>o with I]x~[I ~ oo (r --+ oo) there exists x r ~ 0 such that 
<F >_ 0, (3.4) 
then (1.1) has at least one solution. 
PROOF. If (1.1) has an exceptional family {x~}, then it follows from Lemma 2.1 that (F(x~), 
x r) < 0 for any r > 0 with x~ y! 0, which contradicts (3.4). Therefore, (3.4) implies that (1.1) 
has no exceptional family and has at least one solution by Corol lary 3.1. 
REMARK 3.2. Theorem 3.2 is a generalization of Theorem 2.1 in [11]. 
We say that  F satisfies the Karamadian condition on K if there exist convex compact D C / (  
and y E D such that  (F (x ) ,x  -y )  >_ O, Yx  E K \D  (see [8] for example). 
COROLLARY 3.2. Assume that F(x)  and T(x)  are completely continuous and that F(x)  satisfies 
the Kaxamadian condition. Then (1.1) has at least one solution. 
PROOF. Let ~ = x - y, F (2 )  = F (~ + y ) , /7 /= K - y. Then (1.1) is equivalent to the following 
problem: 
(F >_0, (3.5) 
It is obvious that  F satisfies the Karamadian condition on K and (3.5) satisfies the conditions of 
Theorem 3.2. Hence, (3.5) has at least one solution, and so does (1.1). 
We say that  F is p-order coercive on K if there exists p E ( -oG 1] and y E K such that 
lim Ilxll-P(F( ),x - Y /= 
x~K, IIxll-~ 
(3.6) 
COROLLARY 3.3. Assume that F(x)  and T(x)  axe completely continuous and that F(x)  is p-order 
coercive. Then (1.1) has at least one solution. 
PROOF. It is similar to that  of Corollary 3.2. 
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